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Bound entanglement with a nonpositive partial transposition (NPT) does not exist. For any NPT
entangled state a distillation procedure can be based on a certain number of copies. This number
is the minimal Schmidt rank of a pure state needed to witness the NPT entanglement under study.
PACS numbers: 03.67.Mn, 42.50.Dv, 03.65.Ud
Entanglement plays a major role for the vast fields of
Quantum Information and Quantum Technology, for an
introduction see [1, 2, 3]. First, the phenomenon entan-
glement was studied in [4, 5]. A precise definition of the
notion of entanglement was given in [6]. An important
method for identifying entanglement was given in term
of the partial transposition (PT) [7]. A quantum state is
entangled, if it exhibits negativities under PT.
In general, the PT condition for entanglement is only
a necessary one. It is also sufficient for the case of a 2⊗2
or 2 ⊗ 3 Hilbert space [8], and for the case of Gaussian
states [9, 10]. The general identification of continuous
variable quantum states with negativities under partial
transposition (NPT) has been given in [11]. There ex-
ist, however, entangled quantum states with a positive
semi-definite partial transposition (PPT) [12, 13]. The
general problem of identifying entangled states has been
studied in [14, 15], which eventually allows to identify
PPT states. It is well known that PPT states cannot
be used for the purification or distillation of a Bell-type
state [16].
In general, quantum states which are not distillable
are called bound entangled (BE) states, for an introduc-
tion see [2, 3, 17]. It was shown that in the case of a
2 ⊗ d bipartite quantum system all NPT states are dis-
tillable [18]. For the general case of a bipartite quantum
system, the validity of the conjecture that bound entan-
glement is equivalent to entanglement and positivity of
the partial transposition – or alternatively: all NPT states
are distillable – remained an open problem. For some
considerations of this problem we refer to [19, 20, 21].
We would like to emphasize that the solution of this
problem is not of academic interest only [2], there is ”the
long-standing and still open question of the existence of
bound entangled states violating the positive partial trans-
pose criterion, which would have severe consequences for
communication theory.” The answer to this question has
fundamental implications for the properties of distillable
entangled states: ”The problem of existence of NPT BE
states has important consequences. If they indeed exist,
then distillable entanglement is nonadditive and noncon-
vex. . . .The set of bipartite BE states will not be closed
under tensor product, and under mixing.”
In the present contribution we consider the distillation
of an arbitrary bipartite NPT quantum state. We show
that any state of this type can be distilled. This proves
the conjecture that all bipartite BE states are PPT and
entangled.
Without loss of generality we consider a finite Hilbert
space, H = H1 ⊗H2. The generalization to continuous-
variable systems follows immediately [22]. Further on we
may assume in the following that the PT map acts on the
second system, T2. The NPT condition for entanglement
reads as [7]
∃|φ〉 ∈ H : 〈φ|ρT2 |φ〉 < 0. (1)
Negativities can also be found in terms of principal mi-
nors [11]. A unification of both ideas, together with
Ref. [16], will deliver the possibility to distill all NPT
quantum states.
First of all let us define some general notions. The
permutation group is defined as
Sd = {f : {1, . . . , d} → {1, . . . , d}|f bijective}. (2)
The identity is denoted by e ∈ Sd, and τ ∈ Sd be an
arbitrary transposition (permutation of two elements).
On this group the sign-function is given by
sign f =
{
+1 for f even
−1 for f odd
. (3)
The value sign f = +1 denotes a decomposition of f
into an even number of transpositions, f = τ1 ◦ · · · ◦ τ2n,
and sign f = −1 for an odd number of transpositions,
f = τ1 ◦ · · · ◦ τ2n+1. Note that sign f = sign f
−1 and
sign f ◦ g = sign f · sign g. The alternating group Ad =
{h ∈ Sd : h even} is a normal subgroup of Sd, Ad ⊳ Sd ⇔
∀f ∈ Sd : Ad = f
−1 ◦Ad ◦ f .
For an efficient treatment of minors it is advantageous
to consider the vector of a permutation f ,
|f〉 =|f(1)〉 ⊗ · · · ⊗ |f(d)〉 = |f(1), . . . , f(d)〉, (4)
the identity vector
|e〉 =|1〉 ⊗ · · · ⊗ |d〉, (5)
and the composition of two subsequent permutations
f |g〉 =|f ◦ g〉 = |(f ◦ g)(1), . . . , (f ◦ g)(d)〉. (6)
2The operation f can be interpreted as the permutation
matrix Pf ⊗ · · · ⊗ Pf , with Pf |k〉 = |f(k)〉.
Now let us consider some properties of principal mi-
nors. Therefore the linear map C (C : Cd → Cd), the
number of copies C⊗d =
⊗d
t=1 C, and the matrix ele-
ments Ct,s are given. The Leibniz formula reads as
detC =
∑
f∈Sd
sign f
d∏
t=1
Ct,f(t). (7)
Using the above representation of the permutation vector
we may write
detC =〈e|C⊗d
∑
f∈Sd
sign f |f〉. (8)
It is useful to rewrite the determinant as a bilinear ex-
pression. This ansatz will finally deliver a connection
between quantum expectation values and principal mi-
nors,
〈
C⊗d
〉
=

∑
g∈Sd
sign g〈g|

C⊗d

∑
f∈Sd
sign f |f〉


=
∑
g,f∈Sd
sign (f ◦ g−1)
d∏
t=1
Cg(t),f(t)︸ ︷︷ ︸
=
Q
d
t=1 Ct,(f◦g−1)(t)
, (9)
by substituting h = f ◦ g−1 we obtain from Eq. (8)
〈
C⊗d
〉
=
∑
g∈Sd
∑
h∈Sd
sign h〈e|C⊗d|h〉 = |Sd| · detC. (10)
Further on we can consider the following superpositions:
|ψ〉 =
∑
f∈Sd
sign f |f〉 = |+〉 − |−〉. (11)
Together with
|+〉 =
∑
f even
|f〉, |−〉 =
∑
f odd
|f〉, (12)
we obtain
|Sd| · detC =
〈
C⊗d
〉
= 〈ψ|C⊗d|ψ〉. (13)
Note that detAB = detA · detB.
In the following let us consider a state |φ〉 which deliv-
ers 〈φ|ρT2 |φ〉 < 0. The Schmidt decomposition [1] reads
as |φ〉 =
∑d
k=1 λk|k, k〉. Let us assume that the Schmidt
rank d of |φ〉 is the smallest integer, which delivers neg-
ativities. Obviously the minor with (k, k, l, l)-elements
is negative and it has the smallest number of elements.
The matrix C is given by Ci,j,k,l = 〈i, j|ρ
T2 |k, l〉, with
i.j, k, l ∈ {1, . . . , d}. The minor, resulting from the state
|φ〉, with the (k, k, l, l)-elements is denoted as detφ. Now
we obtain, in analogy to Eqs. (8) and (13),
det φC =
∑
f∈Sd
sign f〈e, e|C⊗d|f, f〉
=
1
|Sd|
〈ψ˜|C⊗d|ψ˜〉 < 0, (14)
with
|ψ˜〉 =
∑
f∈Sd
sign f |f, f〉
=
∑
f even
|f, f〉 −
∑
f odd
|f, f〉. (15)
Our desired two qubit state is
|ψ〉 = |+,+〉 − |−,−〉 (16)
=
∑
f,g even
|f, g〉 −
∑
f ′,g′ odd
|f ′, g′〉. (17)
The substitutions g′ = g ◦ τ , f ′ = f ◦ τ deliver
|ψ〉 =

 ∑
f,g even
f ⊗ g

 (|e, e〉 − |τ, τ〉). (18)
Together with the substitution h ◦ f = g (h even), the
prefactor can be written as∑
f,g even
f ⊗ g =
∑
h,f even
(e ◦ f)⊗ (h ◦ f) (19)
=
(
e⊗
∑
h even
h
)
◦

 ∑
f even
f ⊗ f

 .
Thus we obtain,
|ψ〉 =
(
e⊗
∑
h even
h
)
|ψ˜〉. (20)
The state |ψ〉 is a local transformation of |ψ˜〉.
Now let us calculate, similar as in Eqs. (9) and (10),
our desired expectation value:
〈ψ|C⊗d|ψ〉 =|Sd| · |Ad| (21)
×
∑
h even
∑
f∈Sd
sign f〈e, e|C⊗d|f, h ◦ f〉.
Let us consider one term of Eq. (21),∑
f∈Sd
sign f〈e, e|C⊗d|f, h ◦ f〉
=
∑
f∈Sd
sign f〈e, e|(C[I⊗ Ph])
⊗d|f, f〉
=det φ(C[I⊗ Ph]) = det φC · λ, (22)
3with λ = det φ[I⊗ Ph]. Explicitly, λ is given by
λ =
∑
f∈Sd
sign f〈e, e|(I⊗ Ph)
⊗d|f, f〉
=〈e|Ph
⊗d|e〉 = 〈e|h〉 = δe,h. (23)
Thus we obtain from Eqs. (21) and (23),
〈ψ|C⊗d|ψ〉 = |Ad| · 〈ψ˜|C
⊗d|ψ˜〉 < 0. (24)
Therefore it exists a Schmidt rank two state |ψ〉, with
〈ψ|(ρT2 )⊗d|ψ〉 < 0. Hence ρ is destillable, according to
the results in Ref. [16]. The distillation needs d copies,
since d is the smallest Schmidt rank of a state exhibiting
negativities.
In conclusion we have shown, that all NPT states are
distillable. Together with the well known fact that en-
tangled PPT states are bound entangled, the conjectures
bound entangled states are PPT states, or equivalently,
NPT states are always distillable, haven been proven to
be correct. The number of copies needed for the destilla-
tion is given by the minimal Schmidt rank among all the
pure states witnessing the NPT entanglement.
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